where C1 and C2 are arbitrary constants. We note that when o = 0 (8) changes into the well-
known Nadai solution [3], and when o # O we obtain a new velocity field.

Remark. The condition that the energy dissipation be positive imposes the following
constraint on the value of the parameters: 8 —ay > 0 if ye [—h, &l

We shall construct the possible invariant solutions on the subgroup X; + 0Xs. We shall
seek a solution invariant with respect to this subgroup in the form

u = f(y)eax’ v = g(y)eax . (9)
Substituting (9) into (6), we obtain a system of ordinary differential equations
yof —¢) = (' + el VR — % af - ¢ =0,
From this we have ,
ViE =gy - 20’y — a?ViF— g = 0.

The latter equation reduces by the substitution g' = gu to the Riccati equation

Lo y 2
w Lud 2 === u o =0,
v/my_zﬁ
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STABILITY OF A VISCOPLASTIC RING

S. V. Serikov UDC 539.374:539.382

We present a theoretical study of the unsteady deformation of cylindrical metal shells
under impulsive loading. We investigate the stability of the imertial motion of the bound-
aries of a flat ring toward or away from the center under small harmonic perturbations of
the boundaries, the velocity, and the stress tensor. We derive a relation for the wave num-
ber at which the motion becomes unstable, and compare the result with experimental data.

1. Examples of Modeling Processes. In contrast with articles on the dynamic buckling
of cylindrical shells under impulsive external or internal pressures [1-5], we consider prob-
lems with large plastic deformations (of the order of 100%Z). Our method of treating the
mechanism of the development of unstable motion is similar to that employed in papers on the
instability of motion of a finite mass of liquid with a free boundary [6-8].

Figure 1 shows the result of an experiment on the axisymmetric compression of a D16
Duralumin cylindrical shell by detonation products. The initial outside diameter, wall
thickness, and height of the shell were, respectively, 22 x 2.5 x 80 mm. After the experi-
ment the average dimensions were 9.4 X 3.9 x 80 mm with an internal square opening (Fig. 1,
magnification 10 x). In the drawing of a 10 x 2 mm 12KhIMF steel tube to 6 X 2.2 mm without
a mandrel, a square channel is formed (Fig. 2, magnification 10 x). If we consider another
method of longitudinal milling of seamless tubing, namely the reduction of 86 x 10 mm 20 St
tubing without a mandrel to 65 x 11 mm in two-roller circular—oval passes, we obtain a square
internal channel (Fig. 3).

These examples show that over a wide range of initial deformation parameters of tubes
(velocity of boundaries 1-1000 m/sec, mechanical properties of the shell material, etc.) we
have a characteristic internal profile. In a number of cases in the drawing and reduction
of thick-walled tubes, hexagonal, octagonal, etc. internal channels are formed {9, 10]. Wavy
boundaries are formed in the hot drawing of seamless tubes (Fig. 4). Here it is believed

Chelyabinsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No.
1, pp. 157-168, January-February, 1984. Original article submitted October 15, 1982.
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that in the unsteady deformation of a cylindrical shell toward its axis the imner free bound-
ary becomes wavy with a certain predominant wavelength as a result of unstable motion under
small perturbations of the boundaries and velocity.

We now consider the motion of a ring away from its axis. The shell under intense dy-
namic loading of its inner boundary expands, and may fracture into individual pieces [11-13].
Here the assumption of the correlation of the number of fragments formed and the formation
of unstable harmonics on the shell boundaries has a simple physical meaning.

By making a certain approximation we investigate the stability of the inertial motion
of a circular shell of viscoplastic material without restrictions on the initial wall thick-
ness and diameter.

2. Formulation of the Problem. We consider unsteady plane strain without twisting of
an incompressible viscoplastic ring. Let r and 6 be plane polar coordinates with the origin
at the center of the ring, and t 2 0 the time. The components of the stress tensor Ors Og,
org, and the components of the velocity vector wr and vg under unsteady strain of a medium
in a closed region with a variable boundary are determined from the following equations.

The equations of motion of a continuous medium outside the field of external body forces

are
do {1 9o o, .—o0 {av av { o vd
—r Lo e =T Ly, r 9
T T e wm At a T hew ) (2.1)
{ 00g 0o 4 20're (6176 dvg 1 dv, v,V )
TR T T TP\ Gm TR T % )
where p is the density of the medium.
The assumption of incompressibility of the medium leads to the familiar relation
Pr P 1 %% (2.2)

wt T T w0

In the two-dimensional case an incompressible viscoplastic material is described by the
equations [14] :

,61:7_ g, 1
o':c—{—2p7;—‘-2—c05261, 0 =3 (0, + 6g)>
) v 1 Bve o
oe=o+2p(—f—|——r-3§)+—2—s-005291,
. 1 0v, dvg vy 9 (2.3)
Ure="(7?;e”+37—7 — 3 sin 29,

1 ov_ vy vg \/[ », g Ovg v,
‘g?ex=(756+ﬁ7—7 (F++%—5)
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Fig. 4

where og 2 0 is the dynamic yield point, and pu 2 O is the dynamic viscosity. For plane
strain we take the axial component of the stress tensor oz = 0.

Let Fj(t, r, 6) = O be the equations of the boundaries of the annular region which ex-
pands or contracts toward its center. We require that the kinematic condition

oF, oF, 4 - OF, . , w
l—‘ﬁ——}—vtT—{——r—ve—%“:O (i=1,2) (2.4)

and the dynamic condition
o, cos (r, n) + 6,4 cos 6, n) =0, 0,408 (r, n) + 04 cos (0, n) = 0, (2.5)

be sati'sfied on the load-free boundaries, where the direction cosines of the outward normal
n to the boundaries are with respect to the coordinate axes in the plane.

At time t = O we specify the region occupied by the incompressible viscoplastic medium
with its boundaries, and the initial velocity distribution.

Equations (2.1)-(2.5). together with the initial data form a closed mathematical model
of the unsteady strain of a viscoplastic material in a region with a variable boundary. For
og = 0 and p # 0 we have the case of an incompressible viscous liquid, for og # 0 and p = 0,
the model of ideal plasticity, and for og = 0 and p = 0 Eqs. (2.1)-(2.5) describe an ideal
incompressible liquid [6, 7].

3. Fundamental Motion of a Ring. We consider two cases of loading of a ring formed
by two concentric circles of radii Ry and Ry (Ry < R2). 1In the first case the viscoplastic
ring converges axisymmetrically toward its center for a given initial velocity distribution.
In the second case there is axisymmetric inertial expansion of the ring.

The exact solution of Eqs. (2.1)-(2.5) for axisymmetric motion of a viscoplastic ring
is known [15]. Before writing the solution for the cases under consideration, we introduce
the dimensionléess quantities
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- - - - _ 2
r=r/Ry, t=1, /R, 0, =0V}, Og= Ge/pvlo"

09 =0,0/0Vip ¥, =0, [Vigr Vg=0p/Viy RBy=Ri/Ryp (3.1)
Oy =0, [0V3 V=RV iRy %y= B[Ry Vi #0:
and from now on for simplicity we omit the bars over the dimensionless quantities.

For axisymmetric motion of a ring we obtain from (2.1)-(2.5) and (3.1) the following
relations for the components of the stress tensor:

0, ;= (ﬁj R; +R§ -+ 04) In r/Rj—I-% I:EjRJ. (4vf i?jRJ-) (B2 — 173, (3.2)

0'9’ 3 = 0'1.‘ 3 + Oy + 4‘VR]«RJ-T—2, Gre,f =0,

where j = 1 corresponds to the solution for the converging ring, and j = 2 for the diverging
ring. A dot over a quantity denotes its time derivative, and in both cases the components
of the velocity vector are

v, = RyRirY, vy = 0, RiRy = RyRs, (3.3)
and the equation of the boundaries of the ring is given by Fi = r — Ri.

The law of wvariation of the inner boundary of the viscoplastic ring is determined from
the Cauchy problem for the second-order nonlinear condition

RR +aR}4aR +o,=0,R=1, BR=F1 at t=0,

sy (3.4)
a; =1+ .(f"_—.-_.)_, w=1-}(x2—1)/R2, a, =4 (x] — 1)/wR}low.
wRnw '
For inertial convergence of the ring toward the center we take R1(0) = —1 in the initial data,
and for divergence of the ring R;(0) = 1. Since the ring material is incompressible, its

outside radius is given by
R, = (R2 4 »2 — V2,
The ordinary second-order differential equation (3.4) is reduced to a first—order equa-—
tion by the substitutions
2= RyRy, Ry=z/Ry, By=(sRy—2)3Rs " (3.5)
and then we obtain from (3.4) an Abel differential equation of second kind [16] in the form
zz’+(‘a1—1)31—1z2+a22—{—0*Rl=0, z()=T 1. (3.6)

Here and later a prime denotes differentiation with respect to Ry. Suppose at t = O the ring
is thin-walled with %, = 1 + eq, and €9 = sg/R1io € 1, where sy is the initial thickness of
the ring wall. From (3.4) and (3.6) we obtain

’ 2 2 -
Ryzz’ — 2 +4vi+Rlio, =0, z()=7T 1, (3.7)
which is accurate to terms of first order in egp.

By introducing the new function u = (z — 4v)/R1, and substituting it into (3.7), we ob-
tain u'(4v + Riu) = -0,. Taking u = u(t) as the unknown variable, we reduce the last non-
linear equation to a linear equation in Rj;. The solution of (3.7) for 0x # 0 has the form

u
B = e“'f(“)(1—% @ dt), 7 @) = [u® — (F 1 — 4?20, (3.8)
F1—av

For ox = 0, v # 0, and ox # 0, v = 0, we obtain from (3.7), respectively,
z=F R +4(1—R), z:$H1/1~20*1n31, (3.9)

The asymptotic solution of (3.7) is needed later for the investigation of the stability
of axisymmetric motion of a viscoplastic ring under small perturbations of the boundaries.
An analysis of (3.7)-(3.9) shows that the asymptotic solutions of (3.7) for ox # 0, v = 0
for convergence and divergence of the ring are, respectively,

z~4v a8 Rl——>0,
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z—~R Yy T—2, IR, & R —~>R, (R, = eY/2%). (3.10)

Thus, from (3.3)-(3.10) we obtain the asymptotic representations of the fundamental mo-
tion:

for the converging ring (R1 -~ 0)

RR, =RR,~4v, RR, ~—16"R72 R,~eR™, :
vaooe o (3.11)

%= R,|R ~ e RT% % =% (Ry/Ry— Ry/R)) ~ —8ve R
for the diverging ring (Ri =+ Rix)
. .. & -
Ri~0, RRj~—0y Ry~R +-2
' (3.12)

x=Ry/R ~1+eR% % ~0.

4. TInvestigation of Stability. We investigate the stability of unsteady axisymmetric
motion of a viscoplastic ring with free boundaries. We formulate the mathematical statement
in Eulerian coordinates by analogy with [14]. We investigate the stability of the fundamen-—
tal motion of the ring, determined by the equation of Sec. 3, for small perturbations of the
velocity, the stress tensor, and the ring boundaries. Since the elementary perturbation is
small, we assume that the principal direction in the perturbed motion corresponding to the
direction of the tangent to the perturbed surface of the shell forms a small angle with the
principal direction of the unperturbed ring.

The method for deriving the system of mathematical relations for perturbed motion of a-
strong ring with free boundaries is known [17, 18]. Hence, in view of the awkwardness of
this type of problem, we indicate only the sequence of the calculations.

We express the components of the velocity, the stress tensor, and the ring boundaries
in perturbed motion as a sum of the fundamental (axisymmetric) motion and small perturba-
tions, and linearize Eqs. (2.1)-(2.5). The linearization of the incompressibility condition
(2.2) of the medium under consideration ensures a sufficiently smooth flow function. Sub-
stituting the linearized components of the stress tensor (2.3) into the equations of motion
(2.1), and expressing the velocity components in terms of the flow function, we obtain two
linear equations for the average stress and the flow function. After differentiating one
of these equations with respect to r and the other with respect to 6, and subtracting, we
obtain for the flow function a linear partial differential equation for the fourth order in
r and 0, and the first order in t.

The linearization of the kinematic (2.4) and the dynamic (2.5) boundary conditioms,
taking account of the mobility of the boundaries, gives six relations: four from (2.5) for
the formulation of the boundary value problem for the flow function, and the other two for
the determination of the perturbation of the shell boundaries for a known flow function and
given initial conditions. The form of the differential equation for the flow function and
the boundary conditions enables us to seek solutions for the average stress, the flow func-
tion, and the boundaries of the perturbed ring which are harmonic in 6. This substantially
simplifies the problem, which after the introduction of the new variable y = Inr/R, takes
the very simple form

2 2,
o (v B (% 9 NI )
— | — ——m —_—— 2 — @ O
37 (ayz (0\!3) +R1 e ay3 2 o 3y -+ 207

(4.1)

Ty a*y 2 0% o) o Ve ﬂ aw 8 — 4a? —lp——Smlp] 0 < y<<lInx);
11

02¢ . }‘i’i 62’49 oy [

s

3, 3 52 ‘ (4.2)
%H&"@%“ﬂmz‘p]_'Elm(%“zﬂ—mz gj)_o (vy=1n R;/R));

sty TR 92 4R;R

® R, O v \ (v _,00 ‘)
—1?(0” )§+(4m _23%)‘(@ 2y et ) =0 (4.3)

(y=InR,/R});
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Ei—%wnkg—f—&i:o (=M R/Ry), §0) =8y ¥ =0 (4.4)

Here ¢ (t, y) and £;{(t) are, respectively, the amplitudes of the harmonic perturbations of
the flow function and the ring boundaries, w is the wave number of the harmonic perturbation,
i = 1 corresponds to the inner boundary of the ring, and i = 2 to the outer boundary.

The introduction of the new function @{,%) by the formula

@ = a%playt — o™, (4.5)
gives Eq. (4.1) the form
i 2 —2y /a2 .
09 M o[ 90 % (99 e ve T 4% g0 =0, 4.6
Tt TR, e 1!(0y—2q>)—41.ﬁﬁ1 o7 o’q ) + 2R2 P oy + 8¢ (4.6)

5. Construction of the Solution for a Ring Converging toward Its Center. In this case
the asymptotic relatioms (3.11) are valid. We introduce the small quantity B = RZe?Y (B + O
as R1 » 0). Assuming RijR; ~ 4v in (4.6), we obtain the parabolic equation

(5.1)

09 v [04B . ‘_91‘? 0, 0°B
Par —2 (16v2'—1)692+ gy =0

We note that Eq. (5.1) contains the small parameter B in a singular way [19, 20]. 1In
this case the asymptotic expansion of the solution in terms of the small parameter takes the
form

o (ty) =3 [0F (12 v) + 07 (. )] B =1/
0

=

(5.2)

To shorten the calculations and to clarify the discussion in obtaining the asymptotic solu-

tion of the singularly perturbed parabolic equation (5.1), we assume.B is constant. We note
that the derivatives B = 28R1/R; and 9"B/3y" = 2nB do not introduce singularities as B - O,

and affect only the order of accuracy in subsequent terms of the series with n 2 1. For the
first binomial of series (5.2) ¢*=¢!+ ¢} we have from (5.1)

oy _, 0% v P
Y m e =
from which we obtain
9 = ¢, (1) + ¢ (s (pg=(cschvx72"y—}— c4sh1/my)exp(—v2t/4ﬁ), (5.3)

where c¢3 and cy are constants.

For a known ¢ the solution for ¢° is determined with the same accuracy from (4.5) in
the form

y
0 = e (8)e®Y 4 g (1) e—‘“y—{—%j 9" () sh ® (y — z) da. (5.4)
0

Before substituting (5.4) into the boundary conditions (4.2) and (4.3) to obtain the system
for determining the unknown functions of time, we list the values of integrals which will be
needed later:

v vt
¢ ¢ 4p
jl 9% (z) ch @ (y — ) dz = ‘D—l sh oy + ‘(;% (ch oy — 1) —+ (2,65 1 a5¢4)»

&
v 2
; (z—+)

2 c C.
jqﬁ (z)sh o (y — 7) de :(:)_1 (ch @y — 1) +fz— (sh @y — oY) +(%——2—\(alc4 + a,e5),
: —

2

i, ¢ ¢ 2 — V24
S(p(x) ch(y—z) d;c:?ﬂl-sh my—}——zg(ch coy—~1)————‘~—-—v expi v/4p) (8,55 1 25¢,)
J T Bly—ot)
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| R YAl
vy=Inx, alejsh va—mshcoy,
a2=]/_-% ch V—;— y—ochoy, ©2v/2,
2

For w” = v/2 the functions aj take a somewhat different form. The third terms in (5.5) are
of higher order in the small parameter B than the first two terms, and in constructing the
asymptotic solutions they do not affect the first term ‘of the asymptotic series.

(5.5)

Henceforth we replace the time derivative in terms of R; by the relation d/dt = f{ld/de,
and taking into account the asymptotic relations (3.11) and the values of the limits lim
cosh (wln »/%® = 1/2 and limtanh (wln %) = 1 as % - =, we obtain from (5.3)-(5.5) and
(4.2), (4.3) the system

40(c) — e B, + 20" (1 + 20} ¢, — 20° (20 —1) ¢g —10¢; — ¢, =0,

Zm(c;——x’wc;)—}—m—2(mcl og) — o )2[ (0" + 0 —2)c, —

. (072 420" —4) ]_
m(u)z——co—2)x'2“’c + —]—tlm) ¢+ ) ey =0,

. (5.6)
20 (0 — 1) 05+2fn (@+1)cgt+e=— m41§1/R1’
1 _ -
2m(m.—1)cs+2m(m+1)u‘2‘°cs+—2—(’1—2m 't e, +

5
— —0—1
tog (o7t =207 e = s ot X

R,
where qi=(6*+4\’7£>/( ?* +2;2); g, ~ 32v; g, ~16v.
i/[\ar,R, 2R

Taking account of the initial conditions for the amplitude of the perturbation of the
flow function on the boundaries of the ring ¢%0,0)=¢%0,y) at t = 0, we can take c5(1)
cg{1) = 0 for Ry = 1 when the constants cj (3 =1, 4) are not equal to zero at t = 0. Hence,
as R1 +~ 0 and w » 1, the solution of system (5.6) has the form

¢, = — 20 (oI, +16vE R71), ¢, = 20° (oI, + 16vE, R ),

1 1
e, =g +1,) ¢g="73 (I;— 1)

A (5.7)
—— —2 —0—1 —2 -1, —o—1g’] S1(P)
I,=—8ove ? 5. [p' (&1—44 E,z)-i—lm) p 1y gzlel dp,
Rl 1
I, =—8uv j\ (&, — x°7%,) p%p, fl( D= (32 — 1) @ = a,/(®)?,
1

which is accurate to the leading terms.

Substituting (5.4) into (4.4) and replacing the time derivative in terms of the radius,
we obtain for the amplitudes of the harmonic perturbation of the rlng boundaries the differ-
ential equations

- ’ _ _ . [N} _
(ﬁ;—}— Rl—lgl) R, = 7{“31— (o5t €5)s (§2 ten T RGIE, ) Ry = R, ["5"m + e

+ 07 %, (ch @y — 1) + 073, (sh oy — oy)]- (5.8)

We note that
csn® + cgn™® = Iy ch oy + I, sh oy,

and we introduce the new function
N=x"071E,, xTUTI =1 4 (0 ) wxT N, (5.9)

We derive a system of integrodifferential equations for determining &1 and n from (5.7)-
(5.9). 1In order to eliminate the two different kinds of integrals in the second equation
of the system, we subtract twice the second equation from the first to obtain two first-order
differential equations including I; or I,. Isolating the integrals after differentiating
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with respect to the radius and using (3.11), we have from (5.7)-(5.9) a system of ordinary
second—order differential equations

R (1 + a0’ BY) RE) + 0 (2 + aR2) &, + 8R, W — 2071 =0, (5.10)

1 "
e2R2" — 2062R, ' + 100edn — ~5~ RE (R, + R & — 20°E, ) = 0.

The asymptotic expansion of the solution of the singularly perturbed system (5.10) in
terms of the small parameter €j is given by a series [20] analogous to (5.2). The first ap-
proximation to the solution of system (5.10) as gy > 0 and Ry > O has the form

£~ [, (@)™ v, (at) ™ exp (— - ao?3).

R A (5.11)
N~ p, R v R oy, == (1+ 20 +m,),

where m = i0/V2; a = aw?2; m; = V(1 — 20)? — 320; 7; — const; j =1, 4.
Considering the real part for £1 and using (5.9), we obtain from (5.11) as Ry »~ 0 the
asymptotic forms .

. " . )
Sy~ (¥y -+ 1y) cos (W In “Bi)’ A R O R ¥ (5.12)

Consequently, in the inertial convergence of a viscoplastic ring toward the center,
small perturbations of the boundaries increase without bound at the outer boundary, and on
the inner boundary have a wavy character with a bounded amplitude. The perturbation on the
outer boundary of the ring increases with increasing €¢. This parameter characterizes the
relative thickness of the ring wall at t = 0.

We note that in the inertial motion of a viscoplastic shell toward its axis the inside
radius practically never reaches zero. For example [21], in experiments on the compression
of cylindrical shells by a layer of explosives an explosive vaporization of inner layers of
the shell was observed as the result of the transformation of kinetic energy into heat. There
is an inner channel in the contracted shell. Denoting by Rj, the wvalue of Ry at the instant
the ring stops moving, we have from (5.12), under the assumption of a maximum value of the
amplitude of the harmonic perturbation on the inner boundary of the shell, oR%,. = 1. By
using (3.1) we obtain the dependence of the wave number on the dimensional parameters in the
form

o = b (__2_)1/2 (5.13)
07 R, \pog *

6. A Ring Expanding from the Center. In this case we have the asymptotic relations
(3.12). We introduce the small parameter 8 = R;/Ri, and use (4.6) to obtain the singularly

perturbed equation

3 9 (P ! —w (S0, 99
AR -+ 4BPRE & (a—;’_w)—a* (37——@%)4-2\7&&3 2y(a—y2—4‘a—y+s‘p =0. (6.1

The asymptotic expansion of the solution in terms of the parameter B has the form (5.2).
We note the equality

B— (R —RYRTY = — B e =1/, (6.2)
To first—order terms as B8 - 0 we have
a%q? . 99) R .
ay; —*)=0, 4R3(1—P) 5o —0, o — o’ | =0. (6.3)

We obtain from (6.2) and (6.3)

9 (t, y) = C, (t) ch oy +C, (¢) sh oy,
t/p

¥ 1) = (€, + € exp| — o [ 50 dt]" (6.4)
[}

where b=0,/4R7(1~ B) (Cys €, — comst).
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For a known function ¢°=0¢}+® we determine from (4.5) the value for y° by using Eq.
(5.4). Repeating the serles of arguments of Sec. 5, noting the limiting values (3.12), in
particular sinhyx ~ €oRT? and coshy% ~ 1, and considering the solution of the system for
the unknown functions of time in the form of an asymptotic series in the small paraméter
{20], we obtain for the first term of the series (for €; = 0, when &1 = &, = £) the following

equation for &:

T
L (ﬁ+ )§+bR“ [Cﬁ?»mge_fzjb%efz“’df]=07 (6.5)

0

where q1, f2, and C2 as functions of time are determined from the relations

g, = 4BR3 (04 + 498)/(0x + 29B), 1, (v) = — 30? jb(r d,

& (6.6)
C; + (2 — 30%) 9Cy —2b(2—(—3m2)6’ =9.
dr ) dv
Differentiating Eq. (6.5) with respect to T and isolating the integral, we obtain
2 d (a4 ., 9,
d§+( —{—A——3(o2b)d7+(71:——3o)2bA)g+T_c=0,
4R3(1— B)? Y , Ox 4B (6.7)
=" Bosr ' ( +275, +2vﬁ)

We introduce the new variable p = Ry/Risx — 1, where Ryx is the value of the inside
radius of the ring at the instant it stops moving. For the expansion of thé ring we have
Ri1 > Rix, from which p » 0. Transforming to the new variable in (6.6) and (6.7), we obtain
a system of ordinary second-order differential equations for £(p) and C,(p)

dp - dzjv (dB 2 dp ’ (d — 3&% ) C' dP ,
B(_dt) 3 +.[B_d12 -+ - —l’vmb—{—A) I ]E Tz @'bA)E + i
(6.8)

Ve | 8 1 (2 302) 9P | ¢} —26(2 1309 €, =0
(d_T) c2+[d_12+(2 30%) 1 €, =26 (24 36%) €, =0,

where primes denote differentiation with respect to p.

; It follows from (3.12) with an accuracy up to first-order terms in p that B v p(1 — p),
v —{ogR7Z + P11 — 2p), B 2p(20+R1* +p (1 — 3p), from which

. . . 2 . [ ot _

[ S R FRIS ST S N U PORE T YRR M e RN ot
dv e dy T

After linearizing the coefficients in (6.8), we obtain the system

2 '

P3§" —kpt — k§ + m 2 0,

};4c;+(2_ 3‘”2") }720;—(1+_2.m2)k(1+k)02=0.

(6.9)

4

For a fixed value of the small parameter ﬁ the solution of system (6.9) has the form [16]

kPR " p—g)
. . 1 2p —
E=mﬂH%%Mf)+mﬁnﬂﬁﬂf)—§mffﬂ'5%@” sh dg,
0 2%
: (6.10)
Cy = mg exp(ngp/p?) + myexp (n4P/P2)-
Here the mj, where j = 1, 4, are integration constants, and the nj and X are given by the

equations

n =é—( A K, n2=~_12.—(7\'-"k)1 Zf:‘kl/-i—l_gmzi)/k’

3 3 a2, 3 2|2
"3,4=i"”1_1+'§k‘°2’ "1=[1-+k(1+’°+z"’ +7(°.k] .
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Taking account of the limiting equations

lim (p/p)=0, lim (p/p%) =1/2k,
p—;o,i)-—)o . p->0,p—>0

we have from (6.10) in the asymptotic approximation the following relation for the amplitude
of a harmonic perturbation of the boundaries of the ring:

o . 9 2:\]7t
& ~ const 4 const | p ns—k—z(ﬂp r

from which it follows that £ > » as p + 0. In the special case ns = k, the instability of
the motion of the ring is extreme. For a rapid expansion of the shell we have from n3z = k
a relation for the wave number wi = (8/3k) (1 + 5k/4). Let ex = lnRix/Rio be the limiting
value of the logarithmic strain of the ring. Using (3.1), we obtain the following relation
for the wave number characterizing the unstable deformation of a viscoplastic shell as a
function of the dimensional parameters:

2V eEt 50 1/2
_ 2 g ) . 6.11
V& (l + 22 ° ) : ( )

7. Discussion. Let us consider the experimental evaluation of Eqs. (5.13) and (6.11).
There are experimental data [22] on the impulsive loading of metal tubes by the explosion of
charges located concentrically on the outer surface of a shell. Seamless tubes of St 10 and
St 20 were used in the experiments. The experiments show that the convergence of the tube
walls toward its axls is accompanied by buckling and the formation of waves on the shell
boundaries [22, 23].

Table | lists experimental data on the specific impulse Iy, the strain ez%x = (R2g —
R2%x)/Rz2g in the central cross section of the compressed tube, and the number of waves (wrin-
kles) w, in this cross section. In experiments 1-3 the tube material was St 10, and in the
remainder it was St 20. The dimensions of the tubes Ryo X sg X h in experiments 1, 2, 4-6
were 54 X 4 x 216 mm; in experiment 3 they were 54 X 4 x 1080 mm; in experiment 7 they were
54 x 4 x 360 mm. The number of waves wo was calculated with (5.13), using a dynamic viscosity
for steel [24, 25] p = (4-5)-10“ kg/(m-sec) and a density p = 7.85-10% kg/m®. The dynamic
yield point for St 10 and St 20 was calculated from statistical experimental data according
to [26], using o5 = 0.37 GPa and og = 0.41 GPa, respectively. The value of Ryx was deter-
mined from the incompressibility condition of the material, from which it follows that

2 2 __p2 2 —
1?2* ——-1?1* -_.1?20 ——-1?10, where 1?2* == 1?20 (1 — 82*).

The well-known computational formulas [5, 27] from the dynamical theory of the buckling
of cylindrical shells under plastic flow give a rougher estimate than (5.13) or the formula
in [28] derived for the elastic buckling of thin-walled tubes. This problem was treated in
more detail in [2, 22, 28]. We note that for thin-walled shells (so/R20 < 0.05) the calcula-
tion of the harmonics with Eq. (5.13) underestimates the experimental result. The introduc-
tion of the factor YRzo/sy into (5.13) gives good agreement with experiment also in the case
of intrinsically thin-walled shells (cf. experimental data in [4, 28]).

We consider the experimental result on the reduction of a tube of St 20 without a man-
drel (Fig. 3). Here with Ryx = 26.5 mm and the remaining parameters as listed above, we
obtain from (5.13) wy =~ 4, which agrees with experiment. Laboratory and industrial research
showed that the difference in transverse wall thickness was less for the longitudinal rolling
of tubes on multistand mills than when rollers with a wavy profile were used in the first
stands of the mill (wy = 6-8) [29].

We now discuss Eq. (6.11) for estimating fragment formation in the fracture of metal
rings and tubes by detonation products. Theoretical [12, 17] and experimental [30, 31] re-
sults show that the number of fragments varies nearly linearly with the initial velocity of
expansion of the shell. Table 2 shows experimental data [30] on the number of fragments Wa
in the fracture of aluminum rings with og = 0.12 GPa, e4 = 0.28, and p = 2.75-10° kg/mS. The
thickness sy of the ring wall and the velocity of expansion were varied. The ring and the
explosive charge were 10 mm high, and the inside radius was 20 mm. We introduce into (6.11)
the scale factor (R20/30)3/2 by the formula w; = w*(Rzg/so)z/g. The calculated (w;) and ex-
perimental (wg) values in Table 2 show satisfactory agreement.
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TABLE 1 TABLE 2

. —2 V0, o g ’

No. kIItI'isoec/mz e | % ° No. im/secl**m e| % | “1
1 0,10 0,11 6 3—4 1 450 2 20 24 28
2 0,10 0,36 6 5—6 2 240 4 12 10 8
3 0,10 0,41 8 5—17 3 200 6 6 7 5
4 0,23 0,36 8 5—6 4 1000 2 40 50 63
5 0,63 0,77 7 8—10- 5 500 4 23 18 17
6 0,53 0,53 7 8§—10 6 370 6 16 11 9
7 0,16 0,72 7 9—11 7 | 1100 4 50 37 38

Using the well-known fracture criterion, we derived in [32] the expression Lx = cezxRzoo/
V1o for the average length of a fragment in the fracture of a metal shell expanding iner-

tially. Here c is the speed of sound in the ring material, and e2x = Rox/Rpo — 1. Hence [12]
the number of fragments is determined by the equation wi = 2TRsx/lx. By taking Ry¢/s¢ as a
scale factor, we obtain
2nV. R
10" 20
")’1 = SoEy, (14 25,) (7.1

The results calculated wiFh (7.1) for the experiments [30] described above and sum—
marized in Table 2 show that wg and wi are close to one another. We note that the accuracy
of the quantitative comparison of the calculated and experimental values depends strongly
on the magnitude of the limiting (logarithmic) strain. In general the experimental values
we depend on the strain rate and the sample thickness, whereas w was assumed constant in the
above calculations. This may account for the necessity of introducing scale factors of the
type Roo/so.

Thus, our study of the problem of the stability of inertial motion of a viscoplastic
cylindrical shell under small harmonic perturbations of the boundaries, the velocity, and
the stress tensor enables us to determine the wave number of the harmonic for which the max-
imum increase of the amplitude of the perturbation of the boundaries is expected. In the
contraction of a ring toward its axis, the number of unstable harmonics depends strongly on
the dynamic viscosity of the shell material, whereas in the expansion of a ring this depen-
dence is of second order. The relations derived for the number of wrinkles and fragments
in the buckling (fracture) of actual metal rings are not inconsistent with the experimental
and theoretical results, and in some cases agree well with experiment.
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